Multiplicative relations between the roots of a polynomial in Q[x] have drawn much attention in the field of arithmetic and algebra, while the problem of computing these relations is interesting to researchers in many other fields. In this paper, a sufficient condition is given for a polynomial f ∈ Q[x] to have only trivial multiplicative relations between its roots, which is a generalization of those sufficient conditions proposed in [C. Based on the new condition, a subset E ⊂ Q[x] is defined and proved to be genetic (i.e., the set Q[x]\E is very small). We develop an algorithm deciding whether a given polynomial f ∈ Q[x] is in E and returning a basis of the lattice consisting of the multiplicative relations between the roots of f whenever f ∈ E. The numerical experiments show that the new algorithm is very efficient for the polynomials in E. A large number of polynomials with much higher degrees, which were intractable before, can be handled successfully with the algorithm.
1. Introduction. For any vector α = (α 1 , . . . , α n ) T ∈ (Q * ) n of non-zero algebraic numbers, the exponent lattice of α refers to the set of integer vectors
Any vector in R α is called a multiplicative relation between those α i , i = 1, . . . , n. For a univariate polynomial f ∈ Q[x], if f (0) = 0 and β 1 , β 2 , . . . , β n are all the complex roots of f listed with multiplicity, then the exponent lattice R β of the roots β = (β 1 , . . . , β n ) T is denoted simply by R f . For convenience we also define R Q α = v ∈ Z n | α v(1) 1 · · · α v(n) n ∈ Q and R Q f = R Q β . Moreover, we denote the Galois group of f by G f = Gal(F f /Q), where F f is the splitting field of f over Q. A root β i of f is called a root of rational if there is a positive integer k so that β k i ∈ Q while a lattice L ⊂ Z n is called trivial if every vector v ∈ L satisfies v(1) = v(2) = · · · = v(n).
Multiplicative relations between polynomial roots have intrigued many researchers. There are two problems lying in the core of the study of multiplicative relations between polynomial roots: (i) Is there a sufficient and necessary condition, which is easy to check, for the lattice R f to be trivial? Are there some sufficient conditions implying that R f is trivial? (ii) How to develop an algorithm computing the lattice R f for a given f ∈ Q[x] with f (0) = 0?
To the best of our knowledge, no sufficient and necessary condition has been given for the lattice R f to be trivial. However, there are many sufficient conditions in the literature. We suppose in the rest of this paragraph that f is an irreducible polynomial in Q[x] with no root being a root of rational, whenever it is mentioned. Then by [15, Lemma 1] , the condition "G f is isomorphic to the symmetric group of order deg(f )" implies that R f is trivial, while by either [1, Theorem 3] or [4, Theorem 1] , R f is trivial if G f is 2-transitive on the set of the roots of f . Another condition implying that R f is trivial is given by [5, Theorem 1] , which requires that deg(f ) = p is an odd prime and for all b, c ∈ Q * , f = bx p − c.
There are also quite a few polynomials f ∈ Q[x] withf (0) = 0, such that R f is non-trivial. For these polynomials an algorithm is desired to compute the lattice R f . Setting U ⊂ Q * to be the set of the roots of unity and β = (β 1 , . . . , β n ) T the roots of f listed with multiplicity, we define the saturated lattice of R f by
Then its lattice ideal in the ring Q[x 1 , . . . , x n ] = Q[X] refers to the ideal
where v + is in Z n with v + (i) = max{v(i), 0} for i = 1, 2, . . . , n, v
for any v ∈ Z n . An algorithm computing the ideal I(R U f ) (which is closely related to the lattice R f ) for a given irreducible polynomial f ∈ Q[x] is claimed to exist in Theorem 8 of [12] . This theorem is based on Theorem 6 of [12] , which indicates that if f ∈ Q[x] is irreducible and B f is the reduced Gröbner basis of I(R U f ) with respect to a lexicographic monomial order, then for any binomial in B f , either it has a constant term or its terms share the same number of variables. Unfortunately, the following example due to A. Schinzel [5, p. 1] suggests that Theorem 6 of [12] may not hold for all the irreducible polynomials.
Example 1.1. Set f = x 6 −2x 4 −6x 3 −2x 2 +1 with roots β 1 = 0.44576 · · · , β 2 = 2.24333 · · · and β 3 = − (0.92999 · · · ) − (1.17407 · · · ) √ −1,
Computation with Mathematica shows f is irreducible in Q[x]. A basis of R f given by the algorithm FindRelations described in [6] and [9, § 7.3] is as follows (1.1) (0, 0, −1, 0, 0, −1) T , (−1, 0, −1, −1, 0, 0) T , (0, 0, 0, 1, 1, 0) T , (−1, −1, 0, 0, 0, 0) T .
From the basis (1.1) of R f and the definition of R U f , one obtains easily that R U f = R f . Then
By the methods in [7] , the reduced Gröbner basis of I(R U f ) with respect to the lexicographic monomial order with x 1 ≺ · · · ≺ x 6 is
The last three binomials in B f do not have the good property claimed by Theorem 6 of [12] : each of them contains no constant terms but consists of two terms that do not share a same number of variables.
To the best of our knowledge, there are no algorithms designed particularly to compute the lattice R f for f ∈ Q[x], except for the relevant one mentioned in Theorem 8 of [12] above. But many problems in other areas can be reduced to the problem of computing a basis of the lattice R f , or contain it as a subproblem. For instance, based on computing the exponent lattice of the eigenvalues of an arbitrary invertible matrix, an algorithm was proposed to compute the Zariski closure of a finitely generated group of invertible matrices in [3] . Additionally, an algorithm containing a subroutine which computes the exponent lattice of the roots of the characteristic polynomial of a linear recurrence sequence was provided to compute the ideal of algebraic relations among C-finite sequences in [10] . What's more, a class of loop invariants called L-invariants introduced in [11] for linear loops are closely related to the exponent lattice of polynomial roots: each non-zero vector in the lattice corresponds to an L-invariant. Interestingly, a part of the invariant ideal of the linear loop is exactly the lattice ideal defined by the exponent lattice of those polynomial roots.
The algorithms proposed in [6, 9] (named FindRelations) and [16] (named GetBasis) are designed to compute the exponent lattice of arbitrarily given non-zero algebraic numbers. Neither of them takes into account the case where the input algebraic numbers are exactly all the roots of a polynomial f ∈ Q[x] (which can be called the Galois case). We will see in § 6.2 that, for the Galois case, these two algorithms become less efficient when the degree of f becomes slightly larger. This indicates the necessity of developing a particular algorithm for the Galois case. One of the main results in this paper is the assertion that if f is irreducible with no root being a root of rational and G f is 2-homogeneous, then R f is trivial (Theorem 3.2). This is proved in Section 3 by taking advantage of the properties of the permutation groups that are 2-homogeneous but not 2-transitive. This result generalizes the conditions given in [15] , [1] and [4] mentioned before, since both the symmetric group of order deg(f ) (when deg(f ) ≥ 2) and any 2-transitive group are 2-homogeneous. According to Theorem 3.2, we design Algorithm 6.1 to compute the lattice R f for any f in a subset E ⊂ Q[x] (defined in Definition 5.1). To be precise, for any input f ∈ Q[x], if f ∈ E then Algorithm 6.1 returns a basis of R f , otherwise it returns a symbol "F". For this, an efficiently checkable criterion (Corollary 4.2) is proposed in Section 4 to decide whether a given polynomial is in the set E. In Section 5, we prove that E is a generic subset of Q[x] (Proposition 5.4). This indicates that the polynomials in the set E, which can be handled by Algorithm 6.1, constitute a large proportion of the polynomials in Q[x]. This theoretical result is consistent with the numerical results shown in Table 2 in Section 6. From the numerical results we can also see that Algorithm 6.1 is effective and efficient for the polynomials in the generic subset E of Q[x] and a large number of polynomials which were intractable before can be dealt with.
The next section is devoted to studying the rank of a special kind of matrices, which lies in the core of the proof of the main theorem (Theorem 3.2).
The Rank of A Fractal Circulant
Matrix. Suppose that m ≥ 2 is an integer. Set b i , i ∈ Z/mZ, to be some complex numbers (resp., some complex matrices of the same dimension), then the circulant matrix (resp., the block-circulant matrix) generated by b i is given by
Definition 2.1. Suppose that m, d are positive integers and that a v , with v ∈ (Z/mZ) d , are m d complex numbers. A fractal circulant matrix M ∈ C m d ×m d of order m and depth d generated by the numbers a v is defined by
We define an order on the set Z/mZ such that 0 1 · · · m − 1. Also, a lexicographic order ≺ is defined on the set (Z/mZ) d as follows: for any v, u ∈ (Z/mZ) d , we say v ≺ u iff the minimal i ∈ {1, . . . , d} such that v(i) = u(i) satisfies v(i) u(i). In the following of this paper, the rows and columns of any fractal circulant matrix M will be arranged increasingly in accordance with the order ≺.
Example 2.2. Set m = 3, d = 2 and (a 00 , a 01 , a 02 , a 10 , a 11 , a 12 , a 20 , a 21 , a 22 ) = (4, −1, 2, 1, 2, 3, −3, 0, 5), then the fractal circulant matrix we obtain here is
with rows and columns arranged increasingly: 00 ≺ 01 ≺ 02 ≺ 10 ≺ 11 ≺ 12 ≺ 20 ≺ 21 ≺ 22.
For a square matrix A of dimension n × n, we define corank(A) = n − rank(A). The following theorem characterizes the corank of a fractal circulant matrix. Proof. The proof is inductive on the depth d. When d = 1, M is a circulant matrix. The conclusion follows from a theorem due to A. Schinzel in [5, p. 5] .
Suppose that the conclusion holds for d = .
In the following, we consider the case where d = + 1.
Define A ij (i, j ∈ Z/mZ) to be the submatrix of M whose rows are indexed by the set {v ∈ (Z/mZ) d | v(1) = i} and whose columns are indexed by the
By comparing the entries of the matrices A ij and A 0,j−i according to (2.1), one observes that
for each q ∈ Z/mZ. Since each A 0j is a fractal circulant matrix of order m and depth d−1 = , so is each s q . Moreover, A 0j is generated by the numbers a (j,v) with v ∈ (Z/mZ) , while s q is generated by the numbers b
. Thus by the inductive assumption that the theorem holds for depth , we have
Hence the theorem holds for d = + 1 and we are done.
Definition 2.4. For a fractal circulant matrix M of prime order p and depth d generated by some rational numbers
where each
We denote by V (M ) the set of all slicing vectors of M and define the projective equivalence relation ∼ on the set
Then the number |V (M )/∼| is defined to be the slicing number of the fractal circulant matrix M . Lemma 2.5. Suppose that M is a fractal circulant matrix of prime order p and depth d generated by some rational numbers
"Only If": Set u = 0 to be a vector such thatâ u = 0. We define P j as in (2.3) and denote
Then we have
This implies that the polynomial p−1
, which is of degree at most p−1, vanishes at the point x = ζ p . On the other hand, the minimal polynomial of ζ p over the field Q is 1 + x + · · · + x p−1 . Hence one concludes that W 0 = W 1 = · · · = W p−1 , which indicates that the vector v is a slicing vector of M . Theorem 2.6. Set M to be a fractal circulant matrix of prime order p and depth d generated by some rational numbers
On the other hand,â 0 = W . Hence the conclusion follows from Theorem 2.3.
The Main Theorem and Its
Its Galois group G f is regarded as a permutation group operating on the set R of the roots of f . Then G f is said to be 2-homogeneous if deg(f ) ≥ 2 and for any two subsets
Definition 3.1. If F q is a Galois field with q a prime power, then the semi-linear group operating on F q is defined to be
to be a univariate polynomial without multiple roots, so that one of its roots is not a root of rational. If the Galois group G f , regarded as a permutation group operating on the set of all the complex roots of f , is 2-homogeneous, then R Q f is trivial. Proof. If G f is 2-transitive, the conclusion follows from [1, Theorem 3] . Thus we only need to consider the case where G f is 2-homogeneous but not 2-transitive.
According to [8, Proposition 3.1], n = deg(f ) ≡ 3 (mod 4) is a prime power and G f is similar to a subgroup Λ of the semi-linear group AΓ L (1, n) . In other words, if we denote by R the set of all the complex roots of f , then there is a bijection τ : R → F n and a group isomorphism :
for any σ ∈ G f and r ∈ R. This means that the group G f operates on the set R in the same way as the group Λ does on the set F n once we identify the elements of these two sets through the bijection τ . Hence we can index the polynomial roots R in the following way: for any ν ∈ F n , we define r ν = τ −1 (ν), then R = {r ν | ν ∈ F n } and (3.1) becomes σ(r ν ) = r ( (σ))(ν) .
We denote by Q the set of non-zero squares in the field F n , and by G ν f the subgroup of G f fixing r ν . Proposition 3.1 in [8] also claims that the orbits of the subgroup G 0 f are {r 0 }, {r ν | ν ∈ Q} and {r ν | ν ∈ −Q}. Setting η ∈ Λ, one concludes directly that the orbits of the subgroup G
again by Proposition 3.1 in [8] . Hence Λ is transitive on the set F n and so is G f on the set R. Thus f is irreducible. Since deg(f ) ≥ 2 and f is irreducible, 0 ∈ R.
Suppose that ν∈Fn r kν ν ∈ Q for some integers k ν ∈ Z. Set g = |G 0 f |, then for any ν, ν ∈ Q there areḡ = g/|Q| = g/ 1 2 (n − 1) permutations contained in G 0 f which map r ν to r ν . This also holds for any ν, ν ∈ −Q. Setting ν∈Fn r ν = b ∈ Q, we obtain
Noting that for any η ∈ Λ, ν∈Fn r k η(ν) η(ν) = 1 and that the orbits of the group G
Set α = (α 1 , α 2 ) T = (r 0 , ν∈Q r ν ) T , then rank(R Q α ) = 0, 1 or 2. In the sequel we will consider these three cases separately. Let σ = −1 (η) ∈ G f , then for the vector σ(α) = (r η(0) , ν∈Q r η(ν) ) T , the lattice R Q σ(α) is also of rank 0. Thus we obtain from (3.3) that
. It follows immediately that k η(0) = ν∈Fn k ν /n, which does not depend on η at all. Since Λ operates transitively on the set F n , we conclude that all k ν share the same value. 
. This implies that every root of f is a root of rational, which contradicts the assumption of the theorem.
As in Case 2, 2 = 0 implies that every root of f is a root of rational. Thus we may assume that 2 > 0. Note that is also a basis of R Q σ(α) . Combining this with (3.3) we have
which is equivalent to
which can be re-formulated in the following way
Considering the following equations with unknown integers z ν :
one observes from (3.4) and (3.5) that z ν = 1 (for all ν) is a solution. It is sufficient to prove that the coefficient matrix A = c η −1 (ν) η∈Λ ν∈Fn is of rank n − 1 for any rational number λ (not only for λ = 1 / 2 ). Since if this is true, then (3.5) will imply that the vector (k ν ) ν∈Fn = m · (1, 1, . . . , 1) T for some integer m. Thus all k ν share the same value.
Note that rank(A) ≤ n − 1 and that the group of all translations
is a subgroup of Λ. We only need to proof that the submatrix M = c η −1 (ν) η∈Σ ν∈Fn of A is of rank n − 1. Suppose that n = p d for a prime number p and a positive integer d, then F n is a d-dimensional F p -vector space. Fixing any basis {µ 1 , . . . , µ d } of F n , we can define a linear isomorphism ϕ :
is a fractal circulant matrix of prime order p and depth d generated by the rational numbers c ϕ −1 (v) , v ∈ F d p . In the following we prove that M has no slicing vectors by contradiction. Suppose thatũ ∈ F d p is a slicing vector of M . As usual, we denote
Noting that P p−1 = −P 1 , one concludes that (3.7) ϕ −1 (P p−1 ) = −ϕ −1 (P 1 ).
Since ϕ(0) = 0 ∈ P 0 , 0 ∈ ϕ −1 (P 0 ). Hence 0 ∈ ϕ −1 (P 1 ) and 0 ∈ ϕ −1 (P p−1 ). Denote the number of squares in the set ϕ −1 (P 1 ) by s = |Q ∩ ϕ −1 (P 1 )| and the number of non-squares by t = |(−Q) ∩ ϕ −1 (P 1 )|, then |Q ∩ ϕ −1 (P p−1 )| = t and |(−Q) ∩ ϕ −1 (P p−1 )| = s follow from (3.7). We obtain
.
Adding these two equations we obtain s + t = 0, which contradicts the fact that s + t = |ϕ −1 (P 1 )| = |P 1 | = n/p. Hence M has no slicing vectors. By Theorem 2.6 we claim that corank(M ) = 1, which is what we want.
Once the exponent lattice R f defined by the roots of a polynomial f ∈ Q[x] is known to be trivial, a basis of R f can be obtained directly according to the following proposition.
is monic, f (0) = 0, 1 = (1, 1, . . . , 1) T ∈ Z deg(f ) and R f is trivial, then exactly one of the following cases holds:
Proof. Suppose that deg(f ) = n and β k 1 1 · · · β kn n = 1 for the roots β i and some integers k i . Then k 1 = · · · = k n = k for an integer k since R f is trival. Hence 1 = (β 1 · · · β n ) k = (−1) n · f (0)
k . If f (0) ∈ {1, −1}, then k = 0. The rest two cases also follow directly.
4. Deciding 2-Homogeneous Galois Groups. The purpose of this section is to decide whether a given polynomial satisfies the assumptions of Theorem 3.2.
From the proof of Theorem 3.2, one notes that a polynomial f satisfying those assumptions is necessarily irreducible since G f is transitive either when G f is 2-transitive or when it is 2homogeneous but not 2-transitive.
According to [17, Proposition 5.2] , either all the roots of f are roots of rational or none of them is a root of rational. Moreover, [17, Algorithm 5] distinguishes these two cases for a given irreducible polynomial f .
The problem is reduced to deciding whether G f is 2-homogeneous or not, provided that none of the roots of the irreducible polynomial f is a root of rational. The approach shown below needs not compute the Galois group G f at all.
For any g ∈ Q[x] (deg(g) > 1) with complex roots β 1 , . . . , β deg(g) listed with multiplicity, define g [2] (x) = 1≤i<j≤deg(g) (x − β i β j ).
We observe that g [2] (x) ∈ Q[x] and the following proposition holds:
For an irreducible polynomial f ∈ Q[x] with no root being a root of rational, G f is 2-homogeneous iff f [2] is irreducible in Q[x].
Proof. "If": This is by [14, Lemma 5.3] (taking k = 2 therein). In fact we do not need the assumption that none of the roots of f is a root of rational in this direction.
"Only If": Denote n = deg(f ) and set β 1 , . . . , β n to be the roots of f . Setting g = f [2] , we claim that g has no multiple roots. Since if g has multiple roots, then β i β j = β i β j for some
However, R f is trivial by Theorem 3.2, which is a contradiction.
Denote by F f and F g the splitting fields of f and g over Q respectively. Then by Galois theory, ϕ :
This means G g is transitive regarded as a permutation group operating on the set of all the roots of g. Hence g = f [2] is irreducible in Q[x]. Proof. It is obvious that f [2] 
Thus we can decide whether G f is 2-homogeneous by computing the degree of the minimal polynomial of the number (β 1 β 2 ), which can be done efficiently.
What Kind of and How Many Polynomials Can Be
Handled. In this section, we define (Definition 5.1) the set of polynomials f such that we can compute the lattice R f efficiently by using Theorem 3.2, together with some results in [16] . Moreover, we prove that this set is a generic subset of Q[x] (Corollary 5.5) in the sense that the probability measure of its truncations tends to one as the upper bound of the height of those polynomials that are considered becomes larger. In fact, we prove a more general result (Proposition 5.4) indicating that E is generic in a similar sense as mentioned above, even if we only take into account those polynomials with some coefficients fixed properly.
Defining the Set of the Polynomials that Can Be Handled.
Definition 5.1. The set E ⊂ Q[x] is defined to be the set of polynomials f so that both the following conditions hold:
(ii) every root of g is a root of rational or g [2] is irreducible.
To understand why R f can be efficiently computed for f ∈ E, one needs to observe first that R f can be derived from R g if f = cg k . More generally, the following proposition follows from [16, Definition 3.1] directly: Proposition 5.2. Suppose that s ≥ 0 (s = 1, . . . , n) are nonnegative integers, and that β = β 1 , β 2 , . . . , β n+ n s=1 s T ∈ Q * n+ n s=1 s satisfies β n+ i−1 s=1 s+1 = β n+ i−1 s=1 s+2 = · · · = β n+ i−1 s=1 s+ i = β i for i = 1, . . . , n. If B is a triangular basis (as defined in [16, Definition 3.1]) of Rβ, with β = (β 1 , . . . , β n ) T , then a triangular basis of R β is given by:
Here each ε ij is in Z n+ n s=1 s , whose coordinates ε ij (ι), ι = 1, 2, . . . , n + n s=1 s , are given by
Each vector in B is in Z n , but in (5.1) each of them is regarded as a vector in Z n+ n s=1 s , with the extra coordinates indexed by ι > n being zeros.
Example 5.3. Set g = x 2 − 3x − 1 and f = g 2 , with roots (β 1 , β 2 ) T and (β 1 , β 2 , β 1 , β 2 ) T respectively. Then a triangular basis of R g is (2, 2) T while a triangular basis of R f is given by (2, 2, 0, 0) T , (−1, 0, 1, 0) T , (0, −1, 0, 1) T .
The problem is reduced to computing R g for an irreducible polynomial g so that either of the following conditions holds: (i) all the roots of g are roots of rational; (ii) none of the roots of g is a root of rational and g [2] is irreducible. We use the techniques developed in [ Table 2 ] we see that this case can be handled extremely efficiently. For the latter case, Theorem 3.2 and Proposition 3.3 applies and R g can be obtained directly after proving the irreducibility of g [2] by computing deg(β 1 β 2 ) for any two roots β 1 , β 2 of g. This last step can also be done efficiently by standard methods developed in the filed of computational algebraic number theory.
The Set E Is Generic.
For a polynomial f ∈ Z[x] of degree at most n, we denote by c f,i the coefficient of f with respect to the term x i , i = 0, 1, . . . , n. Then the height of f is defined by
is called a truncation of the set E. Noting that Z H,n [x] is a finite set of cardinality (2H + 1) n+1 , we can equip it with the probability measure P H,n determined by the discrete uniform distribution on it. Suppose that D is a subset of the set {0, 1, . . . , n}. If D = ∅, we denote by Z D the set of those vectors with integer coordinates indexed by D. If D = ∅, we set Z D to be { }, a set containing only a special symbol " ". Proof. Denote by S n the symmetric group of order n. Then, by [2, Theorem 1] (let K = k = Q, r = 1, t = {α i | i ∈ D} and s = n + 1 − |D| therein), we know that there is a positive number c(n) depending only on n such that Note that either every root of f is a root of rational or none of its roots is a root of rational. In the latter case, noting that n ≥ 2 and G f ∼ = S n is 2-homogeneous, we conclude that f [2] is irreducible from Proposition 4.1. By now we have proven that f ∈ E H,n,D,v . Thus Then the following corollary holds: We say the polynomials in the subset E ⊂ Q[x] are generic in the sense that Proposition 5.4 and Corollary 5.5-5.7 hold.
6. Algorithm and Numerical Results. In this section, we first summarize § 5.1 to obtain Algorithm 6.1 efficiently computing a basis of R f for any f ∈ E. Then by showing some randomly generated examples, we point out the drawback of directly applying the state-ofthe-art algorithms, which aim to compute the exponent lattice of general non-zero algebraic numbers, to the inputs which are of the Galois case. Finally, we show the superiority of Algorithm 6.1 dealing with randomly generated polynomials by a great deal of examples. Algorithm 6.1 is implemented with Mathematica. The numerical results in this section are all obtained on a laptop of WINDOWS 7 SYSTEM with 4GB RAM and a 2.53GHz Intel Core i3 processor with 4 cores.
6.1. The Algorithm for the Roots of a Generic Polynomial. According to § 5.1, we design Algorithm 6.1 to compute an exponent lattice basis of the roots of any polynomial f ∈ E. The algorithm returns an "F" if f ∈ E. Thus this is not a complete algorithm computing an exponent lattice basis of the roots of an arbitrary polynomial. Remark 6.1. If we use either one of the algorithms FindRelations and GetBasis to compute R f directly whenever an "F" is obtained in Algorithm 6.1, then it can be modified to be a complete one.
6.2. The Bottleneck of The Existing Algorithms. In this subsection, we will see that the performance of the algorithms FindRelations and GetBasis on randomly generated inputs, which are of the Galois case, is not very satisfactory.
By applying the algorithm FastBasis to a randomly generated polynomial f and by applying the algorithms FindRelations and GetBasis to its roots, we compare these three algorithms and show the results in Table 1 . The polynomials f (i) are randomly picked from the set Z 10,4 [x] while g (i) and h (i) are from the sets Z 10,5 [x] and Z 10,9 [x] respectively. The acronym "OT" means that the algorithm does not return an answer within two hours.
1: if f has at least two co-prime irreducible factors or x|f (x) then {return F} end if ; 2: Suppose that the only irreducible factor of f is g (i.e., f = cg k , c ∈ Q * , k ≥ 1, g ∈ Q[x]); 3: if (all the roots of g are roots of rational) then
4:
Compute a basis of R g by [16] GetBasis and a basis of R f by Proposition 5.2; 5: else 6:
Suppose that β 1 and β 2 are any two roots of g and d = deg MinimalPolynomial(β 1 β 2 ) ; OT OT 0.01056 g (2) OT OT 0.01009 g (3) OT OT 0.00901 n = 9 H = 10 h (1) OT OT 0.04895 h (2) OT OT 0.04500 h (3) OT OT 0.05065
From the table we see that both algorithms (FindRelations and GetBasis) become less efficient when the degree bound n becomes slightly larger. In contrast, for every example in the table, the algorithm FastBasis returns an answer successfully in a short time. This suggests that the special techniques developed for the Galois case are effective and promising.
In the next subsection, we will see that the algorithm FastBasis does not always return an answer successfully. Fortunately, it does success most of the time, as indicated by Corollary 5.5 . Moreover, the average runtime of those success examples in each class is, to some extent, satisfactory.
6.3. The Superiority of the New Approach. We test the algorithm FastBasis by a large number of randomly generated polynomials from different classes of the form Z H,n [x]. The results are shown in Table 2 .
The notation "#example" denotes the number of the examples that are generated in a single class, while "#success" denotes the number of those examples among them for which the algorithm returns a lattice basis successfully within two hours. The notation "#F" stands for the number of the generated polynomials in a class that are proved to be outside the set E within two hours, while the notation "#OT" shows the number of examples for which the algorithm returns no results within two hours.
From the table, we see that the FastBasis algorithm has two advantages: (i) for randomly generated polynomials in each class, a large proportion of them can be dealt with successfully; (ii) the average runtime of those success examples is short and a large number of polynomials with much higher degrees, which were intractable before, can now be dealt with.
For the classes of n ≥ 40, not too many examples are generated. In fact, dealing with ten thousands random polynomials in the class Z 10,40 can take about half a month. For the class Z 10,50 , the corresponding runtime can be more than two months. As for the class Z 10,60 , the runtime can be as long as nine months. However, from the few examples, we also see that the ratio (#success #example) is high and the average runtime is acceptable.
The numerical results show that the algorithm FastBasis can handle quite many randomly generated polynomials and it is efficient enough to solve larger problems with higher polynomial degrees, although it is not a complete algorithm. As indicated by Remark 6.1, it can be modified to be a complete algorithm by combining with the algorithm FindRelations or the algorithm GetBasis. Nevertheless, taking into consideration the performance of these two algorithms on the examples of small degree in Table 1 , one can expect that this completed algorithm would not be too efficient, especially for those polynomials not in the set E. 7. Summary. In this paper we propose a new sufficient condition for the exponent lattice of the roots of a polynomial in Q[x] to be trivial, which improves many other ones. Based on this, an algorithm is designed to compute the multiplicative relations between the roots of a generic polynomial. The numerical results show that this algorithm can deal with a large proportion of the randomly generated polynomials very efficiently. Moreover, it can handle many polynomials with higher degrees that are intractable by other algorithms.
